Abstract. We give a new realization of the crystal
Introduction
In [7] , Kashiwara developed the crystal basis theory for the negative part U − q (g) of the quantum groups U q (g) and the integrable highest weight U q (g)-modules V (λ) over U q (g) with a dominant integral weight λ. Crystal basis theory is a nice combinatorial tool to understand the internal structure of integrable modules and the quantum group itself. For instance, one of the major goals in the representation theory is to find an explicit expression for the characters of representations, and this can be obtained by finding an explicit combinatorial description of crystal bases. Hence one of the basic and important problems in crystal basis theory is to realize the crystals explicitly using several combinatorial objects. In many articles, one can find several kinds of realizations of the crystal bases B(∞) of the negative part U − q (g) of U q (g) and the crystal bases B(λ) of the integrable highest weight U q (g)-modules V (λ) using combinatorial objects (for example, [2, 3, 4, 5, 6, 8, 9, 10, 11] ).
However, even though there are several combinatorial models realizing the crystal B(∞), there is no combinatorial model which is intuitive and easy to treat like the Young tableaux or Young walls that appeared in the realization of the highest weight crystal. Indeed, we need some effort to find the affine weights of the paths given in [3] , and it is not easy to determine whether some sequence of nonnegative integers belongs to the polyhedral realization of B(∞) given in [11] .
The main goal of this paper is to give new realizations of the crystals B(∞) and B(λ) over the quantum affine algebra U q (A (1) n ). More precisely, we introduce a new combinatorial object, generalized Young walls, which is a modified notion of the Young walls appearing in [2] . We give the rules and patterns for building generalized Young walls and the action of Kashiwara operators explicitly in terms of generalized Young walls. Then we show that the set of reduced generalized Young walls is isomorphic to the crystal B(∞) of the negative part U − q (g) of the quantum affine Lie algebra of type A. As an application, the crystal B(∞) over the quantum finite algebra U q (A n ) in terms of generalized Young walls is obtained by characterizing the connected component containing the highest weight vector u ∞ when we remove the 0-arrows in the crystal graph B(∞) over U q (A (1) n ). Finally, according to the fact that the highest weight crystal B(λ) is isomorphic to the connected component containing u ∞ ⊗ r λ in B(∞) ⊗ R λ [10] , we give a realization of the crystal basis B(λ) over U q (A (1) n ) using generalized Young walls.
Crystals
Let I be a finite index set. We set a Cartan datum (A, P ∨ , P, Π ∨ , Π) as follows:
Zd j ,
The simple roots are linearly independent and satisfy
Let us denote by U q (g) the quantum group associated with the Cartan datum (A, P ∨ , P, Π ∨ , Π), and let us denote by U + q (g) (resp. U − q (g)) the subalgebra of U q (g) generated by the e i 's (resp. the f i 's). The crystal basis theory was developed for U q (g)-modules M in the category O int and the subalgebra U − q (g) of the quantum group U q (g) by Kashiwara [7] . Moreover, by abstracting the properties of crystal bases, Kashiwara et al. introduced the notion of abstract crystals [4] . Definition 1.1. An abstract crystal for U q (g) or a U q (g)-crystal is a set B together with the maps wt : (2) Let U − q (g) be the subalgebra of U q (g) generated by thef i 's, and let B(∞) be the crystal graph of U − q (g). Then B(∞) is a U q (g)-crystal, and the highest weight vector is denoted by u ∞ . 
Let B 1 , B 2 be crystals. Then the tensor product
is also a crystal with the maps wt,
We close this section by recalling the realization of the crystal basis B(∞) of the
n ) is the affine quantum algebra of type A.)
Generalized Young walls
In this section, we introduce the notion of generalized Young walls, which will be used to realize the crystal B(∞) for the quantum affine Lie algebra U q (A License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let B be a board with coloring as follows: Here, the color of the j-th site from the bottom of the i-th column from the right of B is j − i (mod n + 1). Then clearly Y is a generalized Young wall for U q (A
3 ), but Y is not. 3 ). Then we can easily find that the number of boxes in the fifth row is greater than the number of boxes in the first row. Thus, it is not proper. Here, the under-braced 1 st , 2 nd and 3 rd in the 0-signature mean that the entries in the 0-signature correspond to the admissible slots and removable blocks on the first, second and third columns of Y , respectively.
Similarly, we havẽ 
Proposition 2.10. For any Y ∈ Y(∞), we havẽ
f i Y ∈ Y(∞) andẽ i Y ∈ Y(∞) ∪ {0}.
Realization of the crystal B(∞) over
In this section, we will give a new realization of the crystal B(∞) over U q (A 
where a i (k) is the number of i-boxes in the k-th column Y k in Y . Then it is clear that Φ(Y ) belongs to P(∞).
Conversely, let b be a path in P(∞). Then it is expressed as
For each k > 0 and t k ∈ Z, if we set
. . .
then a i (k) ≥ 0 for sufficiently large t k . Moreover, it is clear that there exists a unique sequence (t k ; k ∈ Z >0 ) of integers such that the family of sequences
Now, we define Ψ(b) to be the reduced proper generalized Young wall such that the number of i-colored boxes in the k-th column in Ψ(b) is a i (k) given by the above family of sequences. Then it is clear that Φ and Ψ are inverses of each other. Note that the number of i-admissible slots (resp. removable i-boxes) in the k-th
. Therefore, by definition of the Kashiwara operators on the sets of proper generalized Young walls and paths, respectively, it is easy to see that Φ is a crystal morphism. Proof. First, by definition of the Kashiwara operatorẽ i , it is easy to see that the following is the set of all maximal vectors in F(∞):
For each maximal vector Y , if we set
we associate a partition as follows:
(
Therefore, we have the results.
We know that the crystal B(∞) over U q (A n ) lies in the crystal graph B(∞) over U q (A That is, Y fin (∞) can be regarded as a subset of the set of (n × n) upper triangular matrices (b ij ) n×n such that for each i = 1, . . . , n,
Irreducible highest weight crystals
Let B(∞) be the crystal basis of the negative part U − q (g) of U q (g), and let R λ = {r λ } (λ ∈ P ) be the singleton crystal with
The highest weight crystal B(λ) associated with the irreducible highest weight module V (λ) (λ ∈ P + ) over U q (g) lies in the crystal B(∞) ⊗ R λ as the connected component containing u ∞ ⊗ r λ [10] . Therefore, it is natural to seek the explicit description of the elements belonging to the connected component 
We 
